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1 Introduction and concluding remarks

Recently there have been much interests in the construction of gravity dual for the nonrel-
ativistic conformal theories [1-7]. The nonrelativistic conformal symmetry, so-called the
Schrédinger symmetry [8, 9],' has appeared in many condensed matter systems, and also
in some class of nonrelativistic field theories [10].

In last year, Aharony, Bergman, Jafferis, and Maldacena (ABJM) have proposed a
three-dimensional superconformal Chern-Simons matter theory as a theory on multiple
M2 branes in an orbifold C*/Z;, [11]. This ABJM model has A’ = 6 supersymmetries and
SU(4)r x U(1) global symmetries. This theory has a mass-deformation which preserves su-
persymmetry but reduces SU(4) g symmetry to SU(2) x SU(2) x U(1) and breaks conformal
symmetry [12-14]. While this deformed theory has discrete vacua [14], its nonrelativistic
limit in the symmetric phase turns out to acquire a superconformal symmetry which is
different from the original mass-deformed ABJM model.

!Nonrelativisic conformal symmetry broadly refers to scale invariance under (t,z;) — (\*t, Az;) for
arbitrary constant z (dynamical exponent). We will focus exclusively on the z = 2 case which admits a
larger algebra than a generic z.



In this work, we investigate in details the nonrelativistic superconformal ABJM model.
We write down the theory, which is characterized by the mass parameter m, gauge group
U(N) x U(N), and the Chern-Simons level k. We also find its symmetries and conserved
charges, and study the symmetry algebra and its representations. This nonrelativistic the-
ory describes the low energy dynamics of a number of massive charged particles, not a mixed
set of particles and anti-particles, in the symmetric phase of the relativistic mass-deformed
ABJM model. In addition to the conformal symmetry, the number of supercharges also
increases from the original 12 to 14. These 14 supercharges get split to 10 kinematical
supercharges, 2 dynamical supercharges and 2 conformal supercharges. We study the rep-
resentations of the nonrelativistic superconformal (super Schrodinger) algebra in the related
many-body theory with a harmonic potential. There are interesting bounds on the scaling
dimension Ay and the particle number Ny of a local operator O by its charges. We also
comment on the superconformal Witten index which counts the so-called chiral operators.

In the symmetric phase of the mass-deformed ABJM model, there is no massless par-
ticles and so a pair of particle and antiparticle cannot annihilate to the vacuum and may
or may not form a bound state. It would be interesting to find out whether such bound
state is possible. This may be answerable by the superalgebra which has the so-called
non-central term. Thus one has to decide whether one wants to keep only particles or both
particles and anti-particles in the nonrelativistic limit. In our case, the ABJM model has
the global U(1) symmetry to start with, and so we keep only particles of positive U(1)
charge in the low energy dynamics.

If we have kept both particles and antiparticles in the nonrelativistic dynamics, it
is not clear at this moment how many supersymmetries survive. In the work [15] by
Nakayama et. al. on N' = 2 U(1) Chern-Simons theory with a matter field, even the
kinetic supersymmetry does not survive in the nonrelativistic limit when both particles
and anti-particles are kept. On the other hand, the U(1) x U(1) ABJM model with mass
deformation would have the nonrelativistic limit with 12 kinematic supersymmetries even
when one includes both particles and antiparticles. The reason is that it is basically free
theory and so the supersymmetry would survive. It would be interesting to find out what
is the case for the full U(N) x U(N) ABJM model.

Similar question would arise in the study of the nonrelativistic limit of the related
N = 8 Bagger-Lambert-Gustavsson (BLG) model [16-20]. The BLG model also has the
supersymmetry preserving mass deformation which breaks SO(8) R-symmetry to SO(4) x
SO(4) R-symmetry [21, 22]. As there are no U(1) symmetry in the BLG model, we do not
have a predetermined notion of particles and antiparticles as in the ABJM model. The
straightforward nonrelativistic limit of the BLG model, which keeps all kinds of massive
particles, may or may not preserve all of supersymmetries as kinetic ones. It would be
interesting to find out the exact consequences.

It is well-known that the theories with the d-dimensional Schrodinger symmetry can
be obtained by performing the discrete light-cone quantization (DLCQ) of theories with
the (d 4 1)-dimensional relativistic conformal symmetry. As pointed out in [4], the DLCQ
of field theories however raises many subtle issues, and as a consequence it seems rather
difficult to obtain the explicit field theory Lagrangians. Recent works [1-7] to construct



the supergravity solutions of interest rely on the DLCQ embedding, so their interpretation
in terms of the dual field theories remains unclear.

Since our work begins with the ABJM model with a definite proposal for the gravity
dual, our work may help to build the first concrete example of nonrelativistic holography.
The gravity dual of the ABJM model is AdSy x S7/Z},, and the mass deformation can be
induced by introducing a certain class of four-form field strength to this geometry [23, 24].
Now we want to keep only particles in the symmetric phase. How we can manage this in
its gravitational counter part is not clear at the moment.

In the relativistic conformal field theories, there has been a natural correspondence
between operators and states by considering the theory on spheres instead of plane. This
can be achieved by the radial quantization of the Euclidean time theory as space and time
has the same scaling dimension. This leads to a simple representation of the conformal
symmetry algebras. Since the nonrelativistic conformal theories has anisotropic scaling
behaviors of time and space (¢,7;) — (A%, \z;), one can not simply apply the above idea
in our nonrelativistic ABJM model. However, the recent work by Nishida and Son [10]
has shown that one can define a new Hamiltonian with a harmonic potential for a given
theory with Schrodinger symmetry and find the energy eigenvalues and states of the sys-
tem with the harmonic potential for a given conformal primary operators. We generalize
this scheme of the operator-state correspondence to our supersymmetric case and get some
useful unitarity bound on scaling dimension and particle number of any given operator in
terms of its other quantum numbers. The so-called chiral operator saturates the bound of
the scaling dimension.

The key challenge of our nonrelativistic superconformal field theory with nonabelian
gauge group U(NN) x U(N) would be how to impose the local Gauss law and how to find the
gauge-invariant operators. From the nature of the Gauss law, one can see the elementary
physical fields should carry both charge and magnetic flux of the abelian U(1) x U(1).
In addition, one should impose the non-abelian Gauss law to get a charge-flux composite
operators. While they would be invariant under the local nonabelian gauge transforma-
tions, we expect that they would form also nontrivial representations of the global part of
U(N) x U(N) gauge symmetry. As charge-flux composite operators, the physical operators
would be also quasi-local. The correlation functions of these operators and their operator
products would be of much physical interest. It would be interesting to calculate their
scaling dimensions and correlation functions perturbatively in the weak coupling limit.

We argue that the resulting charge-flux operators as the gauge invariant creation and
annihilation operators for each massive particles are chiral operators at least in the weak
coupling limit. Maybe only certain kind of operator products of these flux-charge compos-
ite operators would remain chiral. One can define the Witten index to count the chiral
operators, and these would contribute to the counting. The Witten index is defined on the
Hilbert space of the new Hamiltonian with harmonic potential. While massive particles
are gathered together to the origin by the harmonic potential, there is no restriction on the
total magnetic flux as the space is still R2. On two sphere the eigenvalues of a nonabelian
magnetic flux should be multiple of 27, but on R? there is no such restriction. Thus, the
nonrelativistic states do not need to be singlet under the global part of U(/V) x U(V) gauge



group. This contradicts with the definition of the chiral operators or states in the rela-
tivistic theory where they should be single under the global part of the gauge group. Any
physical operators or states of the nonrelativistic theory also needs to be invariant under
the local gauge transformation, but this does not mean that, as the flux-charge composite
objects, they have to be singlet under the global part of the gauge transformation.

There has been many studies of the massive Chern-Simons-matter theories of less
supersymmetries and their nonrelativistic counter parts [25], and further of the supercon-
formal theory [26]. Also a further investigation of super-Schrodinger algebra has been also
studied in ref. [27-29] More recently there has been a series of work by Nakayama et al
on the subject [30, 31]. This study has led to two classes of nonrelativistic supercharges:
kinematical ones and dynamical ones. Moreover these nonrelativistic theories has the BPS
soliton spectrum [32], defined by the covariantly holomorphic matter fields satisfying the
Gauss law. In our nonrelativistic model, one see that similar solitons, if exist, would be
classical versions of chiral or anti-chiral operators.

The contents of the paper are organized as follows. In section 2, we take the non-
relativistic limit of the ABJM model. In section 3, we find many symmetries and the
corresponding charges, including supersymmetries and nonrelativistic superconformal sym-
metries. In section 4, we explore the representation of the superalgebra and study chiral
primary operators with some unitarity bounds on scaling dimensions.

Note added. While we were preparing this paper, a preprint appeared on the arXiv
which contains some overlap with our work [45].

2 Nonrelativistic limit of the mass-deformed ABJM model

2.1 The mass-deformed ABJM model

Let us start with a short description on the ABJM model [11], believed to describe the
dynamics of multiple M2-branes probing a certain orbifold geometry. This N' = 6 su-
persymmetric model has the gauge symmetry G = U(N); x U(N)_; whose gauge fields
are denoted by A, and ‘Zlu with the Chern-Simons kinetic term of level (k,—k). The bi-
fundamental matter fields are composed of four complex scalars Z, (o = 1,2,3,4) and
four three-dimensional spinors W%, both of which transform under the gauge symmetry
as (N,N). As well as the gauge symmetry, the present model also has additional global
SU(4)r x U(1) symmetry, under which the scalars Z, furnish the representation 4, while
the fermions ¥® furnish 4.

For the clarity we hereafter reintroduce the Planck constant & and speed of light ¢ in
our discussions. The ABJM Lagrangian is made of several parts

L= ECS + Ekin + EYukawa + ‘Cpotential s (21)
the Chern-Simons and kinetic terms
khe 2i . - 2% -~ o~ -
Lcs + Lyin = Ee“”pTr <Aﬂ6,,Ap - EA“A,,AP - A0,A, + EA“A,,AP>
—Tr (DyZD' Zo + W' DB (2.2)



the Yukawa-like interactions
271 _ - _ - _ - _ -
Lyukawa = k—ZZTr (Z“Za%\lfﬁ — Zo 2PV + 22, 2PV g — 227750, TP

Feapns Z0UPZIT0 — eaﬁwézaifgz,yxif(;) : (2.3)
and the sextic scalar interactions
c A (62,200,077 27 — 42,097 7L s T
potential — _W I’<6 @ 16 ~ - o ~ B
~2a2°257° 2,7 ~ 2,7° 25202, 2,) . (2.4)

The positive definite potential Vy can be expressed in terms of third order polynomials W
and their hermitian conjugates W:

9 _
_ o 18
V=Tr (WBVWQ’Q (2.5)
with
« 7'(' 7O « 7 7
wWg, = —%(22/32 Zy+ 8§(2,2°2, ~ 2,2°2.)) = (B < 1),
WhT = +%(225ZQZ’Y + 8821 2,2° — sz,,zw) (B = 7). (2.6)
C

We basically use the convention of [13] except the hermitian gauge fields so that the
covariant derivatives now become

D70 = 0 Z0 — iAuZ0 +iZ4A,, (2.7)

and the explicit ¢ dependence in temporal Lorentz indices, for examples, dy = 9;/c. It is
known that this theory is invariant under the Zo symmetry, or parity Z,, ¥<, A4, flu >
79U, AM, A,,. For the gauge invariance, the Chern-Simons level £ is required to be integer
quantized, and is chosen to be positive £ > 0 in this paper. The trace is over N x N matrices
of either gauge group and leaves the gauge invariant quantities. The spinor contraction is
the standard one.

This Lagrangian is invariant under the N' = 6 supersymmetry whose transformation

rules are

070 = i€ap PP,

6Z% = it g,

S = —AH*PD, 75 + W55,

00q = —y"€0p D28 + WHEs,,

5A, = +%(zaﬁxmgaﬁ + U Z5y,605),

5A = o (B0 + TV ) (2.8)
Here the supersymmetry transformation parameters %% = —¢6% satisfy the relations

6o = (€)' = Seapat™”. (29)

2



with €1234 = 61234 =1.

It is well-known that the M2-brane theory allows a mass deformation [12-14] which
preserves whole Poincaré supersymmetry. The mass contribution to the Lagrangian is

_ ,, A _ _ _ _
Lon=—To(M% M) 2% Zo+ 0o MW7) — - T(2,2° 252 M, 2° 2, 2° 2, M), (2.10)
where the matrix M satisfies

2
Mi=M, ~TM=0 M= (%) 1, . (2.11)

Up to SU(4) g rotation, one can choose M to be diagonal
M= % diag(1,1, -1,-1) , (2.12)

which implies that deformation breaks the R-symmetry group down to SU(2)xSU(2) xU(1).
The mass-deformed ABJM can be understood as the deformation of W tensor as

1 - 1 _ _
SmWg, = 5( G2y —M%Zg), 5 W[T = §(MBQZ'Y — M, ZP). (2.13)

The total scalar potential, sum of Vy and the bosonic part of L,,, can be nicely expressed
as complete squares again

2 — _
Viotal = 5Tt [ (W + 8, W )5, (W + 8, )] (2.14)

This mass-deformed Lagrangian still preserves A/ = 6 supersymmetry, once the fermionic
transformation rules (2.8) are modified as

S U = 0 W§ 7, 6,0 = 6, W g, . (2.15)

2.2 A nonrelativistic limit

The mass-deformed potential for the theory with gauge group U(N) x U(N) has a discrete
set of vacua where the scalar fields takes nonzero expectation values with different sym-
metry breaking patterns [14]. Here we are interested in the symmetric vacuum where the
scalar expectation values vanish and there is no broken gauge or global symmetries. In the
symmetric vacuum, there are only massive charged particles and antiparticles. One may not
expect particle-antiparticle annihilations to massless particles, even though it is not clear
at this moment whether they form any stable bound states. For a given number of particles
and antiparticles, we can consider the low energy physics where the speed of particles are
much slower than that of the speed of light. There would be no particle or antiparticle
creations from the collisions as the particle momenta are much smaller than their mass.
There can be many possible nonrelativistic systems obtained from the ABJM model as
one can choose what kinds of particles we want to keep in the nonrelativistic theory. Thus,
the remaining symmetry including the supersymmetry after the nonrelativistic limit will
depends on our choice of particles.? For the ABJM model, there is a natural global U(1)

2See ref. [31] for a comprehensive survey of possible choices for N' = 3 Chern-Simons matter theories.



symmetry under which all fields Z,, U? carry the same charge and here we are interested
in keeping only particles once we identify the particle number as this global U(1) charge.
As we are looking at the low energy dynamics in the symmetric phase, let us begin by

the scalar Lagrangian, ignoring the higher-order interaction terms for a while

1 o . m2c? S0
Localar = C_QDtZ DyZy— D;Z°D; Z, — 2 VAV (2.16)
Considering the particle modes in the scalar fields
h .
— 2o imE /N (2.17)

the above Lagrangian in the nonrelativistic limit ¢ — oo becomes
NR .
ﬁscalar =z¢ (Zth + %Dz > Za s (218)

where A; = cAg is kept finite. The correction term ~ h%0;z4|?/mc? is smaller than
the above Lagrangian by the factor (p/mc)z. As will be explained later, there would be
in addition non-vanishing contributions from the quartic interaction terms. The Chern-

Simons term in the nonrelativistic limit becomes

27 ~ ~ 2% ~ ~ -

where u, v, p runs t, z', 22 instead of 2¥ = ct, 2!, 22

For the fermionic part of the Lagrangian without the Yukawa interaction
Liermion = —i0y"D, U F %@qf
1 .
— ity (—WODt 2 DU+ %) v, (2.20)
c

it needs a little more elaboration to take the nonrelativistic limit. The upper sign for the
mass is for ¥, W2 and the lower sign for U3, %, We choose the three-dimensional gamma

matrices to be

A0 =ir?, Ayl =7t v =73, A2 =1 . (2.21)
Keeping only the particles again, one can expand the fermion fields as

U(t,x) = \/E(U“/J_ (t,x) + u_zp+(t,x)) e~ imet/h (2.22)

where 14 are single-component Grassmann fields and uy are orthonormal two-component
constant spinors such that

1 1
Uy = — ( ) , ulu, =1, ulqu =0. (2.23)



Since these constant spinors uy carry spin +1/2,

_ . -
27 U4 21&,

Y+ annihilates a particle of spin +1/2, and (¢3)" = . creates one. Defining Dy =
Dy +iDy and AL = Ay £ iA5, the fermionic Lagrangian can be rewritten as

ﬁfermion - hc@—l— <£Dt¢— + %(1 F 1)1/1_ — ZD_¢+>
+he <2Dt¢+ + %(1 + 1)y — iD+¢>. (2.24)

Using the equation of motion for 1 up to the leading order, one can show that one of the
components ¢4 is completely determined by the other

by = gDyt — %Dﬂm for upper sign,

(2.25)

Yo =S D o, — ch Dyt for lower sign .

2mce 2m

It implies that the spin of dynamical modes in the nonrelativistic limit is correlated with
the sign of the mass. The correction from the Yukawa interaction to (2.25) is again of order
1/c? and therefore negligible. Inserting the above relations, the nonrelativistic fermionic
Lagrangian becomes

o (ith + %D_D+>¢_ + (’)(%) for upper sign,
ﬁgll"{mion = (226)
p_ (ith + %D+D_>zp+ + (’)(%) for lower sign .

There would be additional contributions from the Yukawa interaction terms to the above

Lagrangian as presented in the next subsection.

2.3 The nonrelativistic superconformal ABJM model

The nonrelativistic limit of the ABJM model for the U(N) x U(N) gauge group is made
of many parts. We now have to take into account the higher order interaction terms. The
scalar potential contains quadratic mass terms, negative quartic terms, and positive sextic
terms. In nonrelativistic limit, the bosonic part of the full Lagrangian becomes

K2 K2
Lecalar = Tr|ihz%Dyzq — %DiéaDiza — ;—k(zaéa%é“’@ﬁv — Eazaéﬁzvﬁyb) , (2.27)

where Qo‘ﬁ = diag(1,1, —1,—1). The sextic interaction terms vanish in the large ¢ limit. In
terms of the dynamical fermion modes, denoted by one-component anticommuting variables

wa = (wla¢3a¢i’wi) ) T;Z_)CM = (¢o¢)1’ = (QE+1,QZ+2,1Z,3,1574) ) (228)

the kinetic terms for fermions can be expressed as

o o o .
Lsermion = T [ihtpe Dytp™ — %DWQDW& + %Qag (¢aF12¢6 - F12¢a¢ﬁ) , (2:29)



where the last two terms are Pauli interactions. Since the mass deformation breaks the
SU(4) symmetry, it is convenient to decompose SU(4) indices into two SU(2) indices
2o = (Za,%) where a = 1,2 and i = 3,4. The Yukawa coupling in the ¢ — oo limit
can then be expressed as
7T7:L2 SQ RN 7oyl o (a7 1,7
Lyukawa = WTT z Za(waw — P ) + 202 (T;Z) Yo — T;Z)z)
—2(2,2°9 9y + 220’ + 2(2: 27 1D; + 2 b))
—2eapes (Y0 + 2 I P) — 2% (2 ihyzih; + Zalzizj&b)]- (2.30)

As a result, the nonrelativistic ABJM Lagrangian can be written as the sum of the kinetic
part and the potential part.
kh 2i ~ ~ 20 ~ =
Lxg = =Ty (A“&,Ap - éAﬂAyAp — A,0,4,+ éAﬂA,,Ap>
T

+ihTr(2atha + @Eathpa) — M (2.31)
with the Hamiltonian density #%H
1 - 1 - I
H = 3=Tr(Diz" Diza + DitbaDit)" ) = 5= Q%Tr (VaFiot” — Fiotiar”)
2m 2m
7'(' SO = n S = n
—l-ﬂTr (zaz (2527 — w'ywﬁ)Qﬁv — 2% (zﬁz7 + 1/171/16)(27[3)
2 _ _ L P
LT (202 0% + 2 aat?) — (2057670, + 7 2
+€ab€ij (anbziwj + aniijlbb) + el (zazﬁbzizﬁj + zazﬁizji/?b)] . (2.32)
The Gauss law constraints for the two gauge groups U(NN) x U(N) are

2 _
g = F12+%(Za5a—¢a7/)a) = 0,

G=Fy+ %(zaza + ) = 0. (2.33)

The Lagrangian can be rewritten as

kh <= kh -
LNR = %tr(AgatAl — AgatAl) + %tl‘(Atg — Atg)
+iltr (290, 20 + YaOpb®) — hPH . (2.34)

The quartic potential term in the Hamiltonian is negative. It is well-known that such a
term leads to attraction among particles. However, the total Hamiltonian density can be
shown to be positive definite once we impose the Gauss law constraints. This is consistent
with the superalgebra [ d’zH ~ {Q,QT}.

Let us now in turn discuss the quantization of the present model. The equal-time

canonical commutation relations can be read off from (2.31)

47

" 0G0 =)

[A+(33)AB,A7 (y)CD} =+



. - 47
(A4 (@), A—(y) o] = =05 0n6*(z — ),
N

k
[Za(x)AM’ Zﬁ(y) B] = +(5§6§5%62($ - y) )
{02 (@) s(0) 5} = +0§05010° (@ — y), (2.35)

where the gauge group indices are included for completeness. Any physical state |¥) is
required to satisfy the Gauss law constraints

GlU) =G|W) =0. (2.36)

To define the physical Hilbert space with the positive Chern-Simons level k£ > 0, let us
introduce the Fock vacuum [2) such that

A (@)]9) = A1 (2)]Q) = za(@)]2) = 67 (@)|Q) =0 . (2.37)

Obviously, the state |2) does not satisfy the Gauss law constraints and can not define the
physical vacuum. Instead, the physical vacuum would be defined as

0) = U(Ay, 4)Q) (2.38)
with a certain functional U such that
Fy |0)=F_|0)=0. (2.39)

Without matter fields, the properties of the functional U( A, /NL), called the cocycle factor,
in the Schrodinger picture have been studied in [33, 34]. The excited states obtained
by matter creation operators should modify the corresponding operator U so that the
configuration still satisfies the Gauss law. It is not easy to solve for U for all excited states.

The Gauss laws dictates that particles created by operators 2%, v, should be accompa-
nied by nonabelian magnetic flux. Each particle with nonabelian charges should be dressed
by nonabelian flux and their creation/annihilation operators create/annihilate both charge
and flux at the same time. We thus expect the existence of a dressed operator for each
charged field, say

2a(@)h, V(@) = Za(2) 3y, U (@) - (2.40)

Note that Z,,¥“ and their conjugates commute with the generators of the local gauge
transformation G,G but transform as N x N under the global part of the gauge group
U(N) x U(N). These operators would annihilate and create physical particles, and are
quasi-local in the sense the magnetic flux are fractional and so detectible in large distance.
For the U(1) x U(1) ABJM model, one can explicitly construct such dressed operators:
introducing a dual photon o of the field strength F' + F, the dressed operators can be
expressed as

Zo=e k2, W = ke (2.41)

when we normalize the dual photon o to be 27 periodic.

,10,



3 Symmetries, conserved charges and their algebra

We have now a specific nonrelativistic Lagrangian for particles in the symmetric phase
of the mass-deformed ABJM model. Not only has it inherited internal symmetries from
the relativistic theory, it also has the nonrelativistic limit of spacetime symmetries and
supersymmetries. We present in this section the symmetry group respected by the present
nonrelativistic ABJM model. It turns out that the model has three-dimensional super
Schrodinger group with fourteen supercharges.

For a technical comment, we need to be careful about the operator ordering for the
density of conserved charges. Besides the Hamiltonian, all densities are quadratic and are
normal-ordered. The algebra fixes almost everything. Hereafter we put the Plank constant

h =1 for simplicity.

3.1 Internal symmetry

The original ABJM theory has the SU(4) R-symmetry and U(1) global symmetry. We are
keeping only particles with respect to this U(1) global symmetry under which the particles,
annihilated by canonical fields z,, 1%, have the unit charge. In the nonrelativistic theory,
this global U(1) charge can be therefore identified as the particle number operator, which
takes the form

N = /d%n(m), (3.1)
where the number density is given by
n(x) = Tr (Zaza + 22 + ot + 1@1/)2> . (3.2)

It is sometimes useful to define the total mass operator M = mAN\/ .

The mass deformation reduces the SU(4) R-symmetry down to SU(2); x SU(2)r x
U(1l)g. As seen in (2.31), (2.32), the nonrelativistic limit does not violate any of these
symmetries. The fundamental fields transform under the R-symmetry inherited from the
mother theory as

Za (2,1)1/2, 2z : (1,2)71/2, P (2,1)71/2, Pt (1,2)1/2 . (3.3)

Their Nother charges are given by

Rab = — /d2x Tr [(z“zb — 1/;b¢a) - %5%(26% - %W)] s (3'4)
Rji = —/de Tr [(iji — Q,Z_)ZW) — %yi (Zka - T,Z_)kﬂ)k)} (3.5)
for SU(2)z, and SU(2)g and
1 o A _
R= 3 /d2x Tr (Eaza + Yl — 2z — 1/1+a¢a_> (3.6)

for U(1)g. There is actually an additional U(1) symmetry that arises in the nonrelativistic
limit. As presented in the previous section, massive fermions in the nonrelativistic limit
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z° 'Jja Ei 1[’@

N 1 1 1 1

R |1/2 -1/2 —1/2 1/2

) 0 1/2 0 —1/2

SU@2), | 2 2 1 1
SU2), | 1 1 2 2

Table 1. Internal charges for the creation operators

carry specific spin values +1/2 depending on the sign of mass terms. In the nonrelativistic
theory, the sum of fermion spin is also conserved by itself. The total spin of massive

fermions can be expressed as
1 2 7 a n %
2= [ dPaTr(eayt — gl . (3.7)

The charges of creation operators or particles for these internal symmetries are summarized
in the table 1.

3.2 Space-time symmetry

The Poincaré symmetry is reduced to the Galilean symmetry in the nonrelativistic limit.
They are generated by the Hamiltonian H, momenta F;, rotation J and Galilean boosts
G;. The time and space translational symmetry lead to the conserved Hamiltonian H
and linear momentum P;. With the Hamiltonian density H in eq. (2.32), the conserved

Hamiltonian and linear momentum are given as
H:/fxw R:/fxﬂ, (3.8)
where the momentum density is
%:—?ﬂf&%—@m%%+%mm—DM%4. (3.9)

The rotational symmetry with transformation dz; = e x; leads to the conserved angular
momentum. The angular momentum in the nonrelativistic limit takes the form

J = /d2$ (331732 — 562731) + X, (3.10)

sum of the orbital and spin angular momentum. The Lorentz boosts in the nonrelativistic
limit reduce to the Galilean boosts 6t = 0, dx; = «;t, whose conserved charges are

G; = —tP, + m/de x; n(zx) . (3.11)

They are related to the position of the center of mass of the whole system.

- 12 —



Even though the mass-deformation breaks the conformal symmetry of the relativistic
ABJM model, the nonrelativistic limit introduces a new kind of the nonrelativistic con-
formal symmetry, called the Schrodinger symmetry. Because the nonrelativistic ABJM
model has quartic interactions only, the Lagrangian is invariant under a dilatation symme-
try with transformation 6t = o?t, dx; = ax; and canonical scale transformations for the
matter fields. The conserved charge is

D =2Ht — /d% z;P; . (3.12)

In addition to this scale symmetry, the nonrelativistic ABJM model also preserves a single
special conformal symmetry with transformation 8t = at?, éx; = —atx; whose charge can
be expressed as

K =—t*H+tD + % /de zin(z) . (3.13)

Let us then present the algebra these generators should satisfy. The generators H, Py =
P, +iP,,J, Gy = G1 £ 1G9 satisfy the Galilean algebra with the particle number N as a
central term

[H,Py] =0, [P.,P.]=0, [J,H] =0, [J,H] =0,
[J,Py] =+P., [G4,G_]=0, [J,G1] = +Gy |
i[H,G4] =Py, i[Py,G_] =i[P_,G4] = 2mN . (3.14)

It is noteworthy that the H, D, K generates the conformal subalgebra SO(2,1),
i[D,H] =2H, i[D,K]=—2K, i[K,H|=D. (3.15)
With the additional commutation relations
[D,J] =0, i[D, Py] = Py, i[D,G1] = -Gy, (3.16)
[K,J] =0, i|K,Py] = -Gy, [K,G1] =0, (3.17)

these charges for the space-time symmetry generate the three-dimensional Schrédinger
(conformal-Galilean) algebra.

3.3 Supersymmetry

An interesting generalization of this Schrodinger algebra is to introduce fermionic conserved
charges. The algebra then can be enhanced to a super Schrodinger algebra. One impor-
tant feature of the nonrelativistic supersymmetry is that there are two different types of
supercharges: one is called ‘dynamical supercharges’ (Jp and another is called ‘kinematical
supercharges’ qx. They satisfy roughly the anti-commutation relations

Compare to relativistic superconformal symmetry, there is relatively much room to extend
the Schrodinger algebra by adding kinematical supercharges (see, however, discussion in

,13,



section (3.5)). We first therefore have to manifest how the Schrodinger algebra is extended
in the NR limit of mass-deformed ABJM model.

We start from the consistent truncation of the relativistic supersymmetry transforma-
tions (2.8) of the fields in the nonrelativistic limit. Expanding the SUSY parameters .3 as

1
§ap = aptiy +Epapu—, €50 = (Ezap)T = 56“‘375&% , (3.19)

and using the relations (2.25) for the non-dynamical modes W}HW,, the SUSY variation
rules for scalar fields can be expanded as

B 4
520 = 1/ 2m0(s+abwb E_aith) +\/2mc( E-apiDp? + EraiiD_Yh ), (3.20)

2me

(522‘ = T( 5 z]¢+ +£+za¢ + \/ £+zﬂD T;Z)+ 5 iaiD+¢g) ) (3'21)

up to the second leading orders. As mentioned before one can see there are two kinds of
transformation rules, of which one is the leading-order terms

Orza = Exaptl® — E il . Orz = —E i + Epigth® (3.22)

and the other is the next-to-leading order terms

—4 7 .
Opze = 5—& Dy, Opzi= g€ DV . (3.23)

The former will be identified with the kinematical supersymmetry and the latter with the
‘dynamical supersymmetry. Here we rescaled the supersymmetry parameters as

2
\/ rgc (E412, 634, Exai) — (€412, €34, Ehai)

\/ QTh(g 12:6434) — (§-12,€434) (3.24)

to keep the transformation rules finite. Note that the total angular momentum is manifestly
preserved on the right-hand side of the above transformation rules.

One can also work out the nonrelativistic limit of the fermionic supersymmetry trans-
formations. Applying the same idea, one can read off the leading order kinematical super-
symmetry transformation rules

S = €%z + €%z, Ogyl = €72 — €9, . (3.25)
The subleading dynamical supersymmetry transformation rules becomes
dpp? = g "D_z, Spyl = %52D+zj . (3.26)

It is interesting to note that there are no other contributions to the dynamical supersym-
metry transformation rules expect the canonical terms even in the interacting theory.
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Let us now in turn consider the transformation of the gauge field. The kinematical
and dynamical supersymmetry transformations for A; are

g Ay = —# <Za(1Z+b5a_b + T,E—z‘fii) + P (Erap?’ + EvaiZ')

+zi(Y—; fﬁ + P 1al™™) + P (Z% o + 5j54j)> ; (3.27)
opAr = 3 (2D — Dy € + mDavb ;€7 — Dl &45557) . (3.28)

For the spatial part of the gauge field Ay = A; £ iAy, the kinematical and dynamical
supersymmetry transformations are

SxAs =0, (3.29)
27'(' a — — id

IpA_ = %(¢—Zb£—ab + zp—;€7),
2 . _

OpAy = — (V32845 + Zah1bEY) - (3.30)

Looking at the kinematical and dynamical supersymmetry variation rules, one can conclude
that the twelve SUSY parameters split into kinematical and dynamical ones as

{n12, 084, Nrai } == (112, 04300 i) + (1412,0-34) (3.31)

~
kinematical dynamical

i.e., the nonrelativistic ABJM model has ten kinematical supercharges and two dynamical
supercharges.

Given the above transformation rules, one can construct the conserved kinematical
supercharges as

q- K= QK-35 = /d2X Tl“( + eapZ Y’ — Eij@—izj> ;

ir = Q% = Qrr12 = /dzx Tr( — €2, + Gablhazb) ; (3.32)
qfi = el Qr—jp = /d2x Tr<2i1/ﬁ — e“beijqﬁ,jzo,
qfi =P Qi = /dQX Tr <2“1/13_ — eabeiji/Lrsz) , (3.33)

with the relations qu_ = @4, ¢ = —qi (¢ = g3 = —qf‘l, and the conserved

dynamical supercharges as
— Nl2 _ _ b 2 sa b ij .7
Q+ = Qpy =Qpisa = o /d X Tl“( — €z’ Dyyp” + € ¢—iD+Zj> ;
A — 34 i 2 i J ab,7
Q- =Qp_=Qp_12= o /d X Tr<eijz D_v, —¢ 1/J+QD_zb) . (3.34)

In addition to these manifest supercharges, one has in the NR ABJM model another set of
conserved fermionic charges, say conformal supercharges S. They arise in the commutator
of the special conformal generator K and the dynamical supercharges @,

iIK,Qy] = +54, i[KQ] = +5_. (3.35)
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Their Nother charges are thus given by
1 ‘ - .
S+ = tQ+ — 5 /d2X (.%'1 + 21'2) (eabzal/}b — ezjl/JiZj) s

S_ =tQ_+ % /d2x (3:1 — ixg) (eijéii/)j — eabqﬁazb) . (3.36)

We will present the full structure of the symmetry algebra in the next subsection. Here,
let us pause to discuss aspects of the kinematical supercharges ¢, ¢* that are main novelties
of our N' = 6 super-Schrodinger algebra. They satisfy the following anti-commutation re-
lations.

{e-.q:} =N, (3.37)
_ 1 . .
{0 arej, } = §5g5;‘/\/— oy R+ 05RY, (3.38)

The former algebra is simply the familiar fermion oscillator algebra. The latter is essen-
tially the same as the three-dimensional N” = 4 Poincaré supersymmetry with a non-central
extension

{Q",QW} = ®eiCA'P, + €ICRY — e CRY, (3.39)
which has recently been discussed in [35, 36]. In particular, it was shown that the particle
spectrum for theories based on the superalgebra (3.39) does not allow any massless particles.
One can therefore choose the rest-frame in which the above algebra can be reduced to (3.38)
after identification of the mass Py to the number charge N'. The above algebra (3.38) is also
often referred as the SU(2|2) Lie super-algebra with a noncompact U(1) central extension.

The dynamical supercharges Q,,Q_ and S,,S_ with their kinematical pairs q_, g,
now satisfy the N/ = 2 three-dimensional super Schrodinger algebra whose commutation
relations of interest are

_ 1 _ 1 3 =
{Q+7Q—}:%H7 {Q+7S—}:R<D_Z<J_§R>>7
(5.5} = LK. {Q,S+}:ﬁ<D+i<J—;R>>, (3.40)
and
1 ~ 1
{g+.Q+} :‘f‘%ﬂu {7-.Q-} :+%P—7
1 _ 1
{Q+7S+} = —%GJM {@—75—} = _%G— : (3.41)

The anti-commutation relations in (3.40) involve an interesting modification of U(1)g
charge to the so-called twisted U(1) 5 charge

-1 A _ o
R= 3 / d?x (22%%4 — 2225 — Y b® + Pt . (3.42)
It implies that the original U(1)z symmetry is mixed with the fermion spin ¥ as
-2
R= 3 (2R+1Y) . (3.43)

One can check this modification from the Jacobi identity of ¢4, @, S_, which leads to the
invariance of ¢,/ under the charge J — 3/ 2R.
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3.4 Super-Schrodinger algebra: summary

We found all possible symmetric generators of our theory. As discussed briefly in the
previous subsection, they satisfy many layers of the algebraic structures. For later con-
venience, we summarize the commutation relations of our super Schrodinger algebra with

fourteen supercharges.

Schrodinger algebra: schgo) .3 The (2+1)-dimensional Schrédinger algebra is generated
by the Hamiltonian H, momenta P;, Galilean boosts G;, rotation J and special conformal
generator K, which satisfy the following commutation relations

i|D,H| = +2H, i|D,K| = 2K, i|K,H] =+D,
i|D,P;] = +P, i|D,G;] = -G, i[P;, Gj] = +éi;mN, (3.44)
i|H,Gi] =+P, i|K,P] = -G, [J,Py+/G+] = £Py /Gy .

Hereafter we present only nonvanishing commutation relations. The charges H, D, K form
a conformal subalgebra SO(2,1).

Super Schrédinger algebra: schgl). Six out of the fourteen supercharges of the non-
relativistic ABJM model are tightly related to the dynamics of the theory: two kinematical
supercharges ¢, two dynamical supercharges ) and two conformal supercharges S. Adding

)

these fermion charges leads us to a subalgebra we call sch(21 . These supercharges satisfy

the commutation relations

{q—aq-i-} :N7 (345)
and
(@@ ) =50 Q8= —(p-il1-2k
BRI T ot TP T 4 ! 27') )
(5, 1= K Q5. =" (p+i7-2R (3.46)
A B =T 4 ! 27 ) ) '
together with
1 1
{Q+,Q+}:+%P+, {q,,Q,}—+2mP,,
1 _ S 1
{Q+7S+} = _%G-i-a {Q—7S—} - _%G_ : (347)
With the space-time symmetry generators, they satisfy
i[D, Q] = +Qx, i[K,Q+] =4S+ , iG+, Q) = —q+ ,
i[D,Sy] = -S4, i[H,Sy] = —-Q+, i[Py,S¢] = —q+ . (3.48)

Other quantum numbers of these six supercharges such as angular momentum .J, scale
dimension D and U(1) charges R, ¥ and R = 2(2R+¥)/3 are summarized in table 2. The
dynamical and superconformal charges @1, S+ together with (J — %R) extend the SO(2,1)
algebra of H, D, K to the superconformal algebra OSp(2|1).

% It seems standard practice to denote the bosonic Schrédinger algebra in d-dimensions by scha. We
introduce an additional superscript to distinguish several subalgebras of the full super-Schrodinger algebra.
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A J 2R 22| R |J-
Qe | 1 +1/2 42 —1| +1 —
Q| 1 —1/2 -2 +1| -1 +1
Sy | -1 +1/2 42 —1] +1 -1
S| -1 —-1/2 -2 +1| -1 +1

qr | 0 +1/2 -2 41| -1 +2
¢ | 0 —1/2 42 —1| +1 -2
g | 0 +1/2 0 +1|+1/3 0
¢ |0 -1/2 0 -—1|-1/3 0

Table 2. Charge for Supersymmetric generators

Super Schrodinger algebra: schgz). We add six generators R, Rij of SU(2) x SU(2)
)

R-symmetry and eight kinematic supercharges ¢% to sch(21 above to arrive at the full
algebra sch(22). Under the SU(2) x SU(2) generators, ¢% transform as (2,2). The important
commutation relations are

~ . . 1 .
[Rv q?l:l] = 07 [J7 qgl:z] = i§q$7 (349)

. 1. . . .
{0 qrai} = SHGN — GGR'j + 5 R, . (3.50)
As mentioned earlier, ¢4’ satisfy the SU(2|2) Lie super-algebra with a central extension.

3.5 Comparison with other nonrelativistic super-algebras

We would like to make a few remarks on the N' = 6 super-Schrodinger algebra and compare
it with other algebras in the literature.

First, we note that the subalgebra sch(zl) is common to all super-Schrédinger algebras
realized by (maximally supersymmetry preserving) non-relativistic limit of Chern-Simons
theories. In other words, the N = 2 [26], N' = 3 [31] and our N = 6 algebras differ only
by the kinematical supercharges.

Second, the pattern of splitting of the supercharges to kinematical and dynamical ones
contrasts with that of the nonrelativistic superalgebra obtained by the DLCQ procedure.
Let us first briefly review the DLCQ procedure. Compactifying the light-cone coordinate
2~ = 2% — 23, one can formally truncate the relativistic four-dimensional N’ = N super-
conformal field theory in a sector of nonzero P_. The symmetry group of the resulting
three-dimensional theory is generated by the generators of the four-dimensional theory
that commute with P_.

The bosonic generators precisely give the Schrodinger algebra. The 4N Poincaré su-
percharges Qg,de (i,7 = 1,..,N) split into 2N kinematical supercharges Qg and 2N
dynamical supercharges Qp

Qfx N {Qﬂ_ : kinematical supercharge QZK ’ (3.51)

Q" : dynamical supercharge Q¥
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where + denote the weight of SO(2) that rotates 12-plane. For the conformal supercharges
SaisS aia one can show that only half of them survive the DLCQ procedure

SZY . { Si : conformal supercharges S}') (3.52)

St not allowed !

It implies that our N' = 6 super Schrodinger algebra cannot be embedded simply into
any four-dimensional relativistic superconformal algebra. Only the NV = 2 sector (¢, @, S)
matches with a four-dimensional N/ = 1 superconformal algebra via DLCQ [28]. We believe
this will have some implication on the gravity dual of our theory.

Third, one can try to take the non-relativistic limit of the mass deformed BLG
model [21, 22] to obtain yet another example of super-Schrodinger algebra. The mass
deformed BLG model preserves sixteen supercharges and SO(4) x SO(4) R-symmetry. So,
at first sight, a bigger super-algebra seems likely to appear. However, it turns out that the
resulting theory only has the same N = 6 super-algebra as the ABJM model. Recall that,
to take the non-relativistic limit, it is preferred that the elementary fields are complex. A
choice of complex structure of the mass deformed BLG model breaks the SO(4) x SO(4)
R-symmetry down to SU(2) x SU(2) x U(1) x U(1). So, it differs from the ABJM model
only by an extra U(1) and extra super-charges charged under that U(1). A careful analysis
shows that these extra super-charges do not survive in the nonrelativistic limit: for the
extra supersymmetry parameter fo, one can show

SextraZl ~ 00! | (3.53)

where I denote the SO(4) gauge indices. Once we choose the particle modes only, it is
highly fluctuating and averages to zero

Sextrazl ~ 2MetOgT (3.54)

in the nonrelativistic limit. As mentioned in introduction, one can in fact keep both particle
and anti-particle in the nonrelativistic limit of the Chern-Simons theory, compatible with
SO(4) xSO(4). It however leads to a less interesting nonrelativistic theory with only sixteen
kinematical supercharges, rather trivial extension of the non-supersymmetric theory which
does not control the dynamics tightly.

Finally, it is known that the Schrodinger algebra can be written in a Virasoro-like form.

4 1 4 L .
[Lm,Ln]:(m_n)Lerna [LmaP;]: <§m—r> PanJrr’ [P;’PSJ]Z(T_S)CVJM’ (355)
with the identification
L.i~H, Lo~D, L ~K, Pim ~ P!, Pil/g ~ G (3.56)

Moreover, ref. [37] pointed out that this algebra admits an infinite dimensional extension
of a Kac-Moody type. It would be interesting to see whether the super-Schrodinger algebra
under discussion also admits such an extension and if so, how it may help understand the
physics. An infinite dimensional extension of a non-relativistic conformal algebra similar
to but different from the Schrodinger algebra has been considered recently [38].
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4 Chiral primary operators and states

We are interested in the physical implications of the super Schrédinger symmetry on the
nonrelativistic ABJM theory. The theory describes the low energy interaction of particles.
Since the theory is conformal, the most basic physical observables are the spectrum of
conformal operators and their correlation functions. The characterization of local gauge
invariant composite operators would play a crucial role. The representation theory of
(super-)Schrodinger algebra has been discussed in the literature (see, for example, refs. [1,
30] and references therein). To keep the discussion self-contained, we reproduce some
known results relevant to our discussion with emphasis on the new features of the N' =6
algebra. In this section we put 2m = 1 for notational simplicity.

Let us look at the set of all local operators O,(t,z), or quasi-local in our case, and
put these operators at the origin t = x = 0. The representation of the super-Schréodinger
algebra is realized on these operators by the (anti)commutation relation

[A7 Oa(o)] = Aabob(o)a (4.1)

for any generators A in this algebra. Especially we are interested in the unitary represen-
tation, which are realized by the massive particles in the symmetric phase. We mean that
the charges are expressed explicitly as Hermitian operators in the previous section, and so
the group realization on the Hilbert space is unitary.

A given operator with definite scaling dimension Ap, particle number Ny, angular
momentum jo, and R charge 7o satisfies

i[D,0] = ApO, [N,0] = NoO, [J,0] =300, [R,0]=700. (4.2)

Operators with different quantum numbers can transform onto one another by the gen-
erators of the algebra to form a representation. As K, G acting on operators would
reduce the scaling dimension, one could find the operator of the lowest scaling dimension
in a representation. The conformal primary operators are defined as the operators which
commute with K and Gj, that is,

[K,0(0)] =0, [Gy,0(0)] = 0. (4.3)

Each irreducible representation of bosonic Schrodinger algebra can be built upon a given
primary field. In our supersymmetric theory, there are also conformal supercharges S
which lower the scaling dimension. We may wish to define the superconformal primary
operators to be those commuting with K, G, Sy, that is,

[K,0(0)] =0, [G+,0(0)] =0, [5+,0(0)] =0. (4.4)

Similar to the relativistic superconformal theories, one can define chiral or antichiral pri-
mary operators for which some of the dynamical supercharge annihilates:

[Q-,0(0)] =0 (chiral), [Q+,O(0)] =0 (antichiral) (4.5)
However, this definition is somewhat deficient as there are chiral primary fields for which
because the super-Schrodinger algebra contains, unlike its relativistic counterparts, the

kinematic supercharges ¢%* with vanishing scaling dimension. We will address this issue as
well as the problem of BPS-type short multiplets in subsection 4.2.
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4.1 Operator-state correspondence

The operator-state map has played a crucial role in the study of relativistic conformal
field theories. To generalize it to the nonrelativistic case, let us first recall how it works
in the relativistic case. In (d + 1)-dimensions, the Poincaré group SO(1,d) is extended to
the SO(2,d 4 1) conformal group. The dilatation generator characterizing the spectrum of
local operators via

i[D,0] = ApO. (4.6)

is identified with J_j 441 among the generators Jyn (M,N = —1,0,1,...,d,d + 1) of
SO(2,d + 1). The operator-state correspondence asserts that there exists a one-to-one
map, O < |¥p), such that (4.6) translates to

D|¥p) = Ao|To). (4.7)

While (4.6) and (4.7) share the same eigenvalue Ap, D is not the same as D but is identified
with Jo _1. A canonical way to understand this relation is the radial quantization; one puts
the theory on R x S% with natural action of SO(2) x SO(d + 1) € SO(2,d + 1), so that D
becomes the Hamiltonian. Alternatively, one can use the fact that D= Jo,—1 = %(PO + Ky),
where P, and K, are translation and special conformal generators. From this point of view,
one studies the theory in flat R1% but with the modified Hamiltonian D which contains an
explicit space-time dependent term K in addition to the original Hamiltonian.*

As space and time scale differently in Schrodinger symmetric theories, it is not clear
how to generalize the radial quantization. But, the other approach can be adopted with-
out much difficulty by using the SO(2,1) subalgebra of Schrodinger algebra, as explained
recently by Nishida and Son [10] (see also earlier works [39]). The additional term K in the
modified Hamiltonian amounts to coupling the theory in an external harmonic potential.

Through the operator-state map, each primary operator corresponds to an energy
eigenstates of a many-body system in a harmonic potential. (Recall here we have assumed
2m = 1.) The total Hamiltonian is

Lo=H+K. (4.8)

As K = i J d%x?n(m), the potential is confining and preserves the rotational symmetry.

We reorganize the Schrédinger algebra by redefining the remaining operators

Loy = %(H—K—z’D), i = %(H—K+z’D), L= (n), @9

Py = Py +iGy, Gi =Py —iGy, Gy = (Py)l. (4.10)

Note that L41 does not carry any angular momentum. These generators satisfy the
relations

(Lo, Lia]=+2L11, [Li1,L_1]=~Lo, (4.11)

“There is yet another approach based on Belavin-Polyakov-Zamolodchikov (BPZ) type conjugation.
See [30] for a discussion in the context of Schrodinger symmetry.
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(Lo, Pi] =Py, [Lo,Ge]=—Gx,  [Gy, P =[G, Py]=2N, (4.12)
[£+17p:|:]:07 [£—17Pi]:2Gi7 [f/—laéﬂ:]zoa [£+17Gi]:_2pi7
(4.13)

and other trivial ones. For a local operator O, we can construct a state
|Wo) = e HO(0)]0). (4.14)

where |0) is the vacuum of the original Hamiltonian and so is also the vacuum of the new
Hamiltonian L as our expression of the charges show. This vacuum has no particle and
so has zero energy. For primary operators, we call the corresponding states primary. For
such primary states, we see

Lo|¥o) = Ao|¥0), N¥o) = No|¥o), L_1|¥0) =0, Gi|¥p) =0.  (4.15)

Thus, primary states are eigenstates of the harmonic hamiltonian Lo of energy Ap.
Once we find such primary states, we can find the descendant states, which are also
energy eigenstates, by applying the ladder operators Py and IA/H. P, increases the
energy eigenvalues by 1 and I:H by 2. These descendant states would correspond to the
descendant operators obtained from the primary states by multiple applications of Pi,
f)+1. As the Hamiltonian is invariant under the rotation, we can also choose the primary
operator to be an eigenoperator of the angular momentum with value jo. P+ changes the
angular momentum by +1. Thus we can start from the primary state

|Po) = A0, jo, No), (4.16)
and construct all the descendant states
PLPMLT |W0) = |Ap + 1 +m +2n, Jo — | +m, No). (4.17)

Some of the descendant states could be null. See [30] for an explicit construction of the
null states.

The unitarity of the Fock space leads to restrictions on the range of eigenvalues.

e level-one constraint:

|| To)|* > 0= Np > 0. (4.18)
e level-two constraint:
|2MLyy — BP)|Wo)|P > 0= Ap>1 if No#0. (4.19)
(Ap > d/2 in d-space dimension.) The bound is saturated when
. 1 .
Lo|Up) = — P20,). 4.20
+1|Yo0) = 5 FilVo) (4.20)

The dimension 1 operator satisfies the free Schrodinger equation.

The restriction Ap > d/2 could be understood as the zero-point energy of a particle in a
harmonic oscillator in d dimensions [10].

For the relativistic examples, the radial quantization of the conformal field theory on
the R x S? can be naturally understood in the context of AdSy,o. It will be very interesting
to understand the physical origins of this nonrelativistic system in the dual gravity picture.
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Figure 1. Multiplet structure of the super-Schrodinger algebra. (a) A long multiplet consists of
eight conformal primary operators. (b) A short (chiral or anti-chiral) multiplet consists of four
conformal primary operators.

4.2 Representation of super-Schrodinger algebra

We first characterize a local operator O by its scaling dimension Ay, spin jo, particle
number No, and R charge ro, and irreducible representations (ry,72) (r; € %Z) of the
SU(2) x SU(2) R-symmetry. To take advantage of the operator-state map, let us reorganize
the dynamical supercharges as

Q= Qy —iSy, S_.=Q_+iS_=(Q+
Q- =Q-—iS_, Sy =Q4+iSy = (Q-

", (4.21)
(Q-)".

)

They satisfy the following relations:

{Q-,9:}=Lo— <J — gﬁz), (4.23)
{Q4,5-} = Lo+ (J— gf%), (4.24)
{Q-,Q4} = 2Ly, {5-,5.}=2L_,. (4.25)

In addition, we have the relations

(Lo, Q+] = Q. [L41,Q+] =0, [L-1,Q+] = S4, (4.26)
[i/Oa Si] = _gi, [IA“rl, gi] = _Qi, [-Zr/*la Si] =0. (427)

The remaining nonzero commutators are
[Pi’éi] = _2Qi’ [Gi’Q$] = +2Qi’ {Qi,Qi} = Pi’ {qiagi} = éi‘ (428)

An irreducible representation (irrep) of the super-Schrodinger algebra sch(21) should
(0)

consist of several irreps of the bosonic Schrodinger algebra sch, ’. As the dynamical part
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of the superalgebra contains three pairs of fermionic oscillators (Q+, S+, q+), we expect
generically eight irreps of the bosonic algebra to form a multiplet. As mentioned earlier,
the irreps of the bosonic algebra are specified by their conformal primary states, so in order
to specify a super-multiplet, it suffices to show how the eight primary states get mapped
to each other by the super-charges.

The structure of a long multiplet of sch(zl) is depicted in figure 1(a). We begin with
the primary state |1) with the lowest value of Ap. By assumption it satisfies L_;|1) =
G4|1) = S4[1) = 0. We further assume that ¢_|1) = 0. When Np # 0, we can rescale the

generators such that

{¢4.0-} =1,  [Gs,PF]=2, (4.29)

with other commutation relations unchanged. Then |1) is naturally paired with another
primary operator |2) = ¢ |1) with the same Ap. Thus a generic (long) multiplet is specified
by a pair of superconformal primary (S'i]w> = 0) states. The remaining six primary states
in the multiplet can be written explicitly as follows:

13) = —Q4|1), 4) = Q412) — Py|1),
5) = Q_|1) — P_|2), 6) = —Q-|2),
7) = Q_|3) — Q+|5) — P_|4), 18) = Q+16) — Q—[4) — P, |5). (4.30)

It is easy to show that all of these are primary and have finite norm. They also satisfy
q+|2k — 1) = |2k). Note that, in general, the action of Q4 or Si on a primary state in a
multiplet yields a linear combination of other primary states as well as some descendants.

This structure should be augmented by the fact that our N/ = 6 algebra sch(22) includes
additional supercharges ¢% and the SU(2) x SU(2) R-symmetry generators. However, since
these generators commute with the dynamical generators, we can simply take the tensor
product of the irreps on each side. We will come back to the representation theory of the
(¢%, Ry, Ry) subalgebra shortly.

Next, let us consider unitarity constraints of the super-Schrodinger algebra. Note that
for any state |Up) = e~ O|0) of charges Ao, jo, No,ro,

1Q21T0)|1* +[|1S£ o) = (Wol{S, Q1 Vo) >0, (4.31)

which leads to an inequality

. 3
jo — =ro|. (4.32)

Ap >
0= 2

The bound is saturated by three types of short multiplets.

1. chiral operators or states for which

. 3 R R
Ao = jo — Jro = [Q-,0] =[S4,0] =0and Q_|¥p) = S4|Vp) =0, (4.33)
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II. anti-chiral operators or states for which

) 3 R N
Ap = —Jo + 57“(9 - [Q+, O] = [S_, O] =0 and Q+’\If(9> = S_‘\I/@> =0, (4.34)

III. wacuum operators or states for which
. 3 A A
Ap = jo— 57“(9 =0= [Qi,O] = [S:t,(/)] =0 and Qi‘\I/@> = Si’\IJ(9> = 0. (4.35)

The identity operator (vacuum state) with zero spin and zero R-charge appears to be the
only vacuum operator in our theory.

One sees chiral primary operators (states) and anti-chiral primary operators saturate
the unitarity bound. There are also the chiral descendant operators that are chiral (i.e.
saturate the bound) but not superconformal primary. The chiral descendants can be ob-
tained from the chiral primaries by multiple applications of 15+, which increases not only
A but also angular momentum j. The chiral primary and descendant states contribute to
the superconformal index we will discuss in section 4.4.

)

One can build a short representation of the super-Schrodinger algebra sch(21 starting
from a given chiral primary state. Each short multiplet contains four primary states, as
shown in 1. If the theory admits a continuous deformation, the dimension A of a long
multiplet may be lowered until it hits the unitarity bound. Then the long multiplet can
split into two short multiplets. The pattern of the splitting should can be seen clearly in
figure 1, (a) and (b).

Finally, let us turn to the representation of the superalgebra sch(22) whose kinematical
supercharges satisfy the algebra

_ 1 . . .
{4, g5} = 56{:6;/\/ — 6y R + 0L R, (4.36)

where R% , R ; denote generators of R-symmetry group SU(2) x SU(2). Its representation
theory has been studied in [40]. For self-containment, we review it in our context.

In a given irreducible representation of algebra sch(zl), let us choose any primary state
|¥) of number charge N and possible lowest angular momentum jy which transforms as an
irreducible representation (ri,72) of two SU(2)’s. The operators ¢* and q,q; lowers and
raises the angular momentum j by 1/2, respectively, but does not change the eigenvalues

of (J — %R) As |¥) = |N, jo, 71, 7r2) has the lowest angular momentum,
q."|N, jo,71,m2) = 0, for all a,i . (4.37)
For the unitarity, one has to demands that the matrix below
: 1 . 4
(Vla-"q 15| 0) = 56505V IN) — 65 (W' | R [W) + 65U | R | W), (4.38)

has only non negative eigenvalues. After a suitable diagonalization, one can obtain the
lower bound on number charge N

Nz ma () +ar (5 ) ~ea) )+ (alrs) —ea(ra) a5

1
7@ 5= @74 , (4.39)
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where c2(r) is the quadratic Casimir of SU(2) representation 7, normalized such that co(r) =
r(r + 1). The above bound is saturated when co(r]) takes the smallest value while ca(r})
takes the largest one. The unitary restriction on number charge N is therefore given by

{/\/ >2(ry + 19+ 1) (11 #0) (4.40)

N Z 27“2 (7“1 = O)

Applying the operators ¢44; changes the representations 71, ry by +1/2, and so gener-
ates 24(2ry + 1)(2ry + 1) primary states for the same A and (J — %R) eigenvalues:

e j=joorjo+2: (r,r) .
e j=jo+1/20r jo+3/2: (r1£1/2,ry £1/2) .
° j:j0—|—1: (Tl,rgﬂ:l)@(Tlil,Tg)@Q(Tl,T‘g) .

Of course, if some of 71 or ry is less than or equal to 1/2, the number of the derived
representations would be reduced as some of the derived irreducible representations does
not exist. When the starting state is close to saturate the number unitary bound (4.40),
then again some of the number of the derived states would become null and the number of
derived states would be reduced.

We say the superconformal primary operators is bps operators or states if the above
number unitary bound (4.40) is saturated. Those states are now annihilated by some of
creation operators ¢4 in such a manner as to give us the smallest c(r]) and largest ca(75).
The resulting multiplet contains a total of 23(47“17’2 + r1 + 3rg + 1) states, which can be
decomposed into the following bosonic irreps:

® j=jo: (r,mr2).

e j=jo+1/2: (r+1/2,r0+1/2)® (r1 —1/2,79 —1/2) ® (r1 + 1/2,75 — 1/2).
e j=Jo+1:(ri+1,72)® (r,ra—1)& (r1,72).

® j=jo+3/2 (rn+1/2,r3-1/2).

Again the above derivation would be reduced if r; or 79 is less than or equal to 1/2.

For a fixed value of (r1,r2), a long multiplet can split into two short multiplets if the
value of Np is lowered to saturate the bps bound (4.40). If we denote the multiplets by
[No; 71, T2]iong /short» the splitting rule is (No = 2(r1 + 72 + 1))

[NOa 1, T2]long - [N('), 1, T2]short + [N('), r = 1/2, ro + 1/2]short )
22y +1)(2rg +1) = 22(dryrg + 71 + 3rg + 1) + 23(4ryrg +3r + o+ 1), (4.41)
4.3 Elementary fields and states

For the U(1) x U(1) theory, we can introduce the magnetic flux operator and multiply it
to the fields z,, ¥ to make them gauge invariant. The flux operator carries fractional
magnetic flux, making the physical operator to be quasi-local. However these charge-flux
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A J 2R 2% |R=(4R+2%)/3|J-3R
211 0 +1 0 +2/3 ~1
Zi 1 0 -1 0 —-2/3 +1
Yo |1 41/2 -1 +1 ~1/3 +1
o |1 =1/2 +1 -1 +1/3 -1

Table 3. Charges for the physical fields in U(1) x U(1) theory

Q+ Q- 4+ q-
z° 0 —i€®D_qfy,  —eahy 0
Z4 | i€ Dip; 0 0 €,
VYo | —ieqp D42 0 0 —eap2’
Izi 0 ieijD_Zj eijij 0

Table 4. Physical fields under the supersymmetry

composite operators are not of anyonic ones with fractional spin and statistics, as the
charge and the flux do not know each other. For convenience, we summarize the relevant
charges of physical fields in table 3 and the kinematical/dynamical supercharges by which
physical fields are annihilated in table 4.

One can analyze what representation the creation operators in the U(1) x U(1) theory
form under the super Schrodinger algebra sch(22). One can see that elementary physical
fields at the origin saturate the scaling-dimension bound (4.32) and are split to chiral
and anti-chiral primary operators. Also they saturate the number bound (4.40) and so
are bps operators:

71(0),144(0) : (1/2,0) bps chiral primary

- 4.42
z%(0),1-;(0) : (0,1/2) bps anti-chiral primary (442)

In the NV = 4 language, the first set of the fields z%,1), came from the twisted hyper-
multiplet and the second set of the field 2%,1); came from the hyper-multiplet. The
products of chiral fields z* and v, will remain chiral primary. In addition, they would
saturate the number bound (4.40) if one symmetrizes the SU(2) x SU(2) indices.

The hamiltonian Ly has a harmonic potential. Let us imagine a bunch of particles
rotating around the origin in circular orbits. The radial kinetic energy can be ignored and
the total energy would be roughly

2 JZ

2
_ 4.43
e 2mr?’ ( )

mw

AN

which is minimized when J ~ mawr?. The energy becomes

A~wl . (4.44)
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Thus, our chiral states in large A limit may be represented by such configurations.
Indeed, for U(1) x U(1) case, the chiral operator _T_Zi with large n may represent such
circular motion.

For a larger gauge group, we argued in section 2 for the existence of the nonabelian
flux-charge composite creation operators,

Z8 W, 2% U, (4.45)

They are invariant under the local gauge transformation but transform as N x N under
the global part of the U(N) x U(NN) gauge symmetry. They would describe the creation
operators for single massive particle. Thus their spin and R-quantum number would be
more and less identical to that of the abelian case. Thus these operators would be also bps
(anti-)chiral operators. In addition, as they carry the fractional nonabelian magnetic flux,
these composite operators may be quasi-local in the sense their statistics may be fractional.
It would be interesting to construct such operators explicitly, at least perturbatively in the
weak coupling or large k regime, and to explore their two point functions.

In addition, the quantum partners of the classical BPS configuration of our Lagrangian
would play a special role. The detail study of the classical BPS configurations needs some
attention. In our theory there exist di-baryonic operators, say, made of only the scalar
fields zaAM (0) without any nonabelian flux attached, which would be invariant under the
local gauge transformation, and also singlet under the global part of the gauge group.
These di-baryonic operators would remain chiral.

4.4 Comments on the superconformal index

Using the operator-state correspondence, one can naturally define a nonrelativistic super-
conformal Witten index [30] in analogy with the relativistic counterpart [41], which counts
the chiral states that are annihilated by Q_, 5'+.5 They are made of chiral primary and
descendant states. For general states, there are two bounds (4.32) and (4.40). The first
bound is saturated by the chiral states. In addition, there are many ways to discern these
chiral states by measuring their additional charges. The examples are

A+2J, N—Q(T1+T2),T1—T’2, mi, Mo, (446)
which commute with @_,S+. The index we want to compute is therefore given by

T(x,91,1) :ﬁhnoloTr|:(_1)Fe—B(A—(j—%r))eu(N—Z(n+r2+1))mA+2jy1m1y£n2yglfm] (4.47)

In the p — —oo limit, the above index counts only bps states.

The superconformal index of a relativistic theory in the limit of vanishing coupling
can be computed in two steps [41]. One begins by computing the index for chiral ‘letters’,
namely, elementary fields and derivatives without worrying about gauge invariance. The
result is then inserted into a matrix integral which efficiently picks out the gauge invariant
combinations among products of elementary fields and derivatives.

®For the relativistic ABJM model and its orbifolds, the index has been studied in [42-44].

,28,



The chiral (A — J + %f{ = 0) ‘letters’ of the nonrelativistic ABJM model are just
7,1, and covariant derivatives D,. Note that the field strength is not chiral. The fields
24, 1" also have the correct quantum numbers to become chiral letters, but since they are
annihilation operators, they could not contribute to creating an energy eigenstate of the
many body system in a harmonic potential. If we stick to z' and 1), only, we could not
form any gauge-invariant ‘mesonic’ operators (trace of products of bi-fundamental fields).
The ‘di-baryonic’ operators involving determinants of the U(/N) x U(NN) gauge groups are
not affected. It is possible to count the mesonic operators in the N = 0 section as done in
ref. [30], but its physical interpretation seems unclear to us.

We think that the flux-charge composite operators Z%,¥, remain chiral even in the
nonabelian case as in the abelian case. They are invariant under the local gauge trans-
formation, but become bi-fundamental under the global part of the gauge group. These
operators would create the chiral states and would contribute to the chiral index. It would
be very interesting to find out whether this is the case in the large k limit where the Gauss
law becomes simpler.
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